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Abstract: We consider a 5-dimensional Chern-Simons gauge theory for the isometry group
of Anti-de-Sitter spacetime, AdS4+1 ≃ SO(4, 2), and invoke different dimensional reduction
schemes in order to relate it to 4-dimensional spin-2 theories. The AdS gauge algebra is
isomorphic to a parametrized 4-dimensional conformal algebra, and the gauge fields corre-
sponding to the generators of non-Abelian translations and special conformal transformations
reduce to two vierbein fields in D = 4. Besides these two vierbeine, our reduction schemes
leave only the Lorentz spin connection as an additional dynamical field in the 4-dimensional
theories. We identify the corresponding actions as particular generalizations of Einstein-
Cartan theory, conformal gravity and ghost-free bimetric gravity in first-order form.
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1 Introduction
General relativity (GR) is the nonlinear theory for a massless spin-2 field. It is formulated
in terms of a metric tensor whose redundant components are removed by the diffeomorphism
invariance of the Einstein-Hilbert action. This invariance is not a gauge symmetry a` la Lie,
– 1 –
since the group of diffeomorphisms is not a Lie group. On the other hand, gauge formulations
of quantum field theories seem to be a key ingredient for their renormalizability. For this
reason, one may hope that a gauge formulation of gravity could help solving the problems with
renormalizing GR. As we shall briefly review below, in odd spacetime dimensions, D = 2n+1,
gauge formulations based on the group SO(2n, 2) can be constructed for a certain class of
consistent gravitational theories. The corresponding actions are integrals of Chern-Simons
forms which do not possess an analogue in even dimensions. Thus, in even dimensions no such
construction exists for GR-like theories and one may conclude that the problem resides in
the (apparent) 4-dimensional nature of spacetime. For pedagogical reviews on Chern-Simons
formulations for gravity, we refer the reader to Ref. [1, 2].
Nevertheless, there is one example for a gravitational theory in D = 4 which possesses
a gauge formulation: conformal gravity. The Einstein-Hilbert action of GR is expressed in
terms of the trace of the Riemann tensor alone; it is linear in the Ricci scalar which contains
up to second derivatives of the metric gµν . A famous alternative proposal is the action for
the traceless part of the Riemann tensor; the Weyl tensor. The corresponding theory in
D = 4 which consists of only the square of the Weyl tensor is conformal gravity [3]. Its action
is invariant under an additional Weyl transformation of the metric, gµν(x) → φ(x)2gµν(x),
which could improve the quantum properties of gravity in principle. The gauge formulation
for conformal gravity, based on the conformal group C3+1 ≃ SO(4, 2), was constructed in
Ref. [4]. Conformal gravity is also a spin-2 field theory (propagating a massless and a partially
massless spin-2 mode around de Sitter backgrounds [5, 6]) but it contains fourth derivatives
of the metric and therefore leads to fatal Ostrogradski ghost instabilities [7]. For this reason,
unfortunately, it cannot provide a valid theory for gravity.
The conformal gravity example suggests that extended or modified theories for gravity
may have a better chance to allow for a gauge formulation. In the ideal case this should be
possible while keeping the field content minimal, i.e. without introducing too many new de-
grees of freedom. Maintaining the diffeomorphism symmetry and restricting the field content
to spin-2 modes alone, the only known consistent extension of the Einstein-Hilbert action is
ghost-free bimetric gravity [8]. Its action is formulated in terms of two rank-2 tensors with
their respective Einstein-Hilbert terms and an interaction potential whose form is strongly
restricted by the absence of the Boulware-Deser ghost [9]. For a review of bimetric gravity
see [10]. At the present time it is not known whether bimetric gravity possesses a gauge
formulation in D = 4 or higher dimensions. Its relation to conformal gravity was discussed
in Ref. [11–13].
In this work we shall study the well-known Chern-Simons gauge formulation for gravity
based on SO(4, 2) in D = 5. For earlier work on this topic see, e.g., Ref. [14, 15]. Here we per-
form several unexplored dimensional reductions in order to unravel relations to 4-dimensional
spin-2 theories, including conformal and bimetric gravity as well as generalizations of their
actions. Kaluza-Klein reductions of Chern-Simons actions were considered in Ref. [16, 17]
and alternative dimensional reductions have been proposed in Ref. [18–23]. The 5D Chern-
Simons theory for the gauge group SO(4, 2) shows several interesting features. The authors
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of Refs. [24, 25] found that its number of degrees of freedom is dependant on the location in
phase space. The same happens for the generalization to p-form gauge connections [26]. In
Ref. [27] the authors derived the holographic description and computed the Weyl anomaly.
An unusual behavior on the boundary is that only the type-A anomaly is observed.
In the remainder of the introduction, before outlining our strategy and summarizing our
results, we give a short overview of GR in first-order formulation as well as the Chern-Simons
gauge formulations for gravity in odd dimensions.
1.1 Review of different GR formulations
1.1.1 Metric vs. vielbein formulation
The Einstein-Hilbert action of standard GR in D = p+ q dimensions can be expressed in the
two following ways,
SEH[g] = κ
∫
dDx
√−g gµνRµν(g) , (1.1a)
SEH[e] =
κ
(D − 2)!
∫
ǫa1...aDR
a1a2(e) ∧ ea3 ∧ · · · ∧ eaD , (1.1b)
where κ is a constant. The two equivalent formulations use the metric gµν or the vielbein
one-form ea = eaµdx
µ. They are related via gµν(e) = e
a
µe
b
νηab, where ηab is a diagonal
Minkowski metric with p entries +1 and q entries −1. Moreover we have used the definitions
R(g) = gµνRλµλν(g) , R
ab(e) =
1
2
eaµe
b
ν R
µν
λρ(g(e)) dx
λ ∧ dxρ , (1.2)
with Rµνλρ being the Riemann tensor. Both actions SEH[g] and SEH[e] lead to the same dy-
namics, although the symmetric tensor gµν has D(D+1)/2 independent components whereas
the generic vielbein eaµ only has D
2. The metric is invariant under local Lorentz transfor-
mations (LLT), e′a = Λabe
b, where Λab contains D(D − 1)/2 independent transformation
parameters. The additional components in eaµ can be removed by these LLT and thus the
vielbein action SEH[e] depends on precisely the same components as the metric action SEH[g].
1.1.2 First-order formalism
The first-order formalism of gravity treats connection and metric as independent objects. In
the metric formulation one considers an independent connection Γµνλ and in the vielbein
formulation one considers the spin connection ωαβµ. The two are related via the vielbein
postulate,
Γρµν(ω, e) = e
ρ
a ∂µe
a
ν + e
ρ
a ω
a
bµe
b
ν , (1.3)
which is the bridge between the tensor and differential form language. In the first-order
formalism the actions
SEP[Γ, g] = κ
∫
dDx
√−g gµνRµν(Γ) , (1.4a)
SEC[ω, e] =
κ
(D − 2)!
∫
ǫa1...aDR
a1a2(ω) ∧ ea3 ∧ · · · ∧ eaD , (1.4b)
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are known as the Einstein-Palatini and Einstein-Cartan theory, respectively. The Riemann
tensor now only depends on the independent connection,
Rµνρσ(Γ) = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓµτρΓτνσ − ΓµτσΓτνρ , (1.5)
and the curvature two-form is a function of the spin connection alone,
Rab(ω) = dωab + ωac ∧ ωcb . (1.6)
In the Einstein-Palatini theory, the equations of motion for Γρµν imply that the connection
is the Levi-Civita connection Γ(g), which is defined by the Christoffel symbols given by
Γµνσ(g) =
1
2g
µρ
(
∂νgρσ + ∂σgρν − ∂ρgνσ
)
. (1.7)
Plugging this solution back into the action, one recovers the Einstein-Hilbert action (1.1a) in
second-order form. Similarly, in the Einstein-Cartan theory, the equations of motion for ωabµ
together with the vielbein postulate imply that Γ is the Levi-Civita connection.
1.2 Lanczos-Lovelock gravity
The D-dimensional Lanczos-Lovelock theory is the generalization of the Einstein-Hilbert (or
Einstein-Cartan) action to the most general polynomial in Rab and ea built with the invariant
tensor for the Lorentz algebra coming from the Euler class [28–31]. For instance, in D = 4
the Lanczos-Lovelock action reads
SLL,4[ω, e] =
∫
ǫabcd
(
a20R
ab ∧Rcd + a12Rab ∧ ec ∧ ed + a04 ea ∧ eb ∧ ec ∧ ed
)
, (1.8)
where amn are constants multiplying the term of m order in R
ab and n order in ea. The
term proportional to a04 is the cosmological constant term in 4 dimensions. Accordingly, in
general dimension D, the cosmological term is the polynomial of order D in the vielbein. The
action contains a term quadratic in the curvature, known as the Gauss-Bonnet term, which
is topological in D = 4. Its generalization to any even dimension D = 2n is the topological
an0 term consisting only of curvatures.
The gravitational actions we considered so far are generically invariant under LLT but
not under the entire set of Poincare´ transformations, since there is no translational symmetry
generator which would correspond to the vielbein. An exception is a particular type of
Lanczos-Lovelock gravity in odd dimensions D = 2n+1, which can be constructed as a gauge
theory for the (2n + 1)-dimensional AdS group AdS2n+1 ≃ SO(2n, 2). The gauge connection
A of SO(2n, 2) can be decomposed as follows,
A =
1
2
ωABJAB =
1
2
ωabJab + e
aPa . A,B = 1, . . . ,D + 1 , (1.9)
where one identifies the component ωa,D+1 with the vielbein ea. The generators satisfy the
algebra
[Jab,Jcd] = f
ef
ab,cd Jef , [Jab,Pc] = f
d
ab,c Pd , [Pa,Pb] = −ℓ−2Jab , (1.10)
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where ℓ is a constant with dimensions of length. Using this gauge algebra to construct a
(2n + 1)-dimensional Chern-Simons theory and decomposing the indices A = (a,D + 1) as
above, one recovers the D-dimensional Lanczos-Lovelock Lagrangian with some particular
coefficients amn [31]. The corresponding action was first obtained in D = 3 [32] and later in
all odd dimensions [33].
In the commutation relations of the SO(4, 2) algebra the translations Pa should not be
understood in a Poincare´ sense since here [Pa,Pb] 6= 0. However, the Poincare´ symmetry
P2n+1 is recovered at the level of the algebra after performing an Ino¨nu¨-Wigner (IW) con-
traction ℓ → ∞ as we can see from (1.10). It follows that a Chern-Simons gauge theory for
the Poincare´ group in D = 2n+ 1 is given by [34]
S = an1
∫
ǫa1...a2n+1 R
a1a2(ω) ∧ · · · ∧Ra2n−1a2n(ω) ∧ ea2n+1 , (1.11)
which for D > 3 clearly differs from the Einstein-Cartan action (1.4b) which only contains
one power of curvature.
In even dimensions there still exists no gauge formulation for the Einstein-Cartan or the
Lanczos-Lovelock theory. The question thus remains whether it is possible to derive standard
GR in even dimensions from a gauge theory for the Poincare´ or for a more general group.
Such an attempt was made in Ref. [19] which showed that D = 4 dilaton Einstein gravity is
obtainable from a D = 5 Chern-Simons theory under certain assumptions.
1.3 Outline of approach and summary of results
Inspired by the results for the Lanczos-Lovelock theory, we will address the question whether
it is possible to derive a 4-dimensional spin-2 field theory from a pure gauge formulation in
D = 5. Clearly, this setup will involve a dimensional reduction of the field theory.
More precisely, we will explore relations among the Chern-Simons gauge theory for the
AdS group AdS4+1 inD = 5 and spin-2 field theories inD = 4 which have the following origin.
The group AdS4+1 ≃ SO(4, 2) generated by rotations JAB and translations TA with A,B =
1, . . . , 5, is isomorphic to the 4-dimensional conformal group C3+1 generated by rotations
Jab, translations Pa, conformal transformations Ka and dilatations D with a, b = 1, . . . , 4.
After dimensional reduction, the generators Jab will give rise to the spin connection of the
4-dimensional LLT. The generators Pa and Ka, on the other hand will introduce two 4-
dimensional vierbein fields. Thus, in the general case we will not arrive at GR in D = 4 but
recover theories involving two spin-2 fields.
We study the algebra of the gauge group SO(4, 2) in different bases and thereby identify
the isomorphism to the algebra of C3+1. Even though the 5-dimensional Chern-Simons ac-
tions expressed in different bases of the algebra are all related to each other by linear field
redefinitions, our dimensional reduction scheme is basis dependent and therefore leads to in-
equivalent theories in D = 4. Generically, the reduction breaks the gauge symmetry down
to SO(3, 1), corresponding to the 4-dimensional LLT. In this way, we recover the following
4-dimensional spin-2 theories.
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• Einstein-Cartan theory: We perform a simple dimensional reduction after taking
an IW contraction limit that reduces SO(4, 2) to ISO(3, 2) or ISO(4, 1). This results in
Einstein-Cartan theory in D = 4 plus a Lorentz-breaking term involving torsion which
can be removed by restricting a field in the 5-dimensional action.
• First-order conformal gravity: Without taking the IW contraction limit, a very
similar dimensional reduction of the Chern-Simons action results in a first-order for-
mulation of conformal gravity in D = 4. An identical action was first obtained in a
different setup in Ref. [4]. The Weyl symmetry of our 4-dimensional action is not part
of the original gauge group which is broken to SO(3, 1) by the dimensional reduction.
Instead it originates from an SO(1, 1) symmetry of the gauge algebra, which acts on the
vierbein fields as a mixture of a rotation and a Weyl transformation.
• Generalized first-order conformal gravity: We consider a different dimensional
reduction scheme in a particular basis and introduce two warp functions, one for each
vielbein. Integrating along the warp direction reduces the Chern-Simons action to an
effective theory with more free parameters than in the previous case. Our result can
thus be viewed as a generalization of first-order conformal gravity.
• Generalized first-order bimetric theory: We consider two copies of the Chern-
Simons action in D = 5 with interdependent field content which explicitly breaks the
gauge symmetry down to SO(3, 1) × SO(2). Dimensionally reducing this action results
in a generalized bimetric theory involving a new type of kinetic interaction. These
novel derivative terms can be removed by restricting fields in the 5-dimensional action,
in which case we obtain the standard bimetric theory a` la Hassan and Rosen. This
further breaks the gauge group down to SO(3, 1). We also discuss another type of
restriction which recovers the Weyl rotation symmetry of first-order conformal gravity.
Organization of this manuscript. Section 2 briefly reviews 4-dimensional conformal
gravity and bimetric gravity in the language of differential forms. In section 3 we derive
the commutation relations of the conformal algebra C3+1 and its parameterized version
C3+1(M,γ) starting from the special orthogonal algebra SO(4, 2). Section 4 formulates a
5-dimensional Chern-Simons gauge theory for the group SO(4, 2) ≃ C3+1(M,γ). In Sec. 5
we analyze different dimensional reductions of the Chern-Simons action expressed in different
bases of the gauge algebra. We discuss our findings in section 6. The appendix contains some
technical details of the gauge theory and explicit expressions of the Chern-Simons action.
2 Conformal and bimetric gravity in first-order form
Since our constructions will produce (generalized) versions of conformal and bimetric gravity
formulated in terms of vierbein fields, we briefly review these setups in the following.
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2.1 First-order version of conformal gravity
Let us start from the following action for two vielbein 1-forms ea and ha in D = 4,
S[e, h] =
∫
M4
ǫabcd
(
Rab(ω) ∧
[
ec ∧ ed − α2hc ∧ hd
]
+ η2
[
ea ∧ eb − α2ha ∧ hb
]
∧
[
ec ∧ ed − α2hc ∧ hd
])
, (2.1)
where ωabµ = ω
ab
µ(e+αh) is the spin connection of a linear combination of the two vierbeine.
It is related to the Levi-Civita connection Γ(g) of the metric g = (e+ αh)Tη(e+ αh) via the
vielbein postulate. In order to see the relation of this action to conformal gravity, we define
the following linear combinations,
Ea = ea + αha , Ha = ea − αha , (2.2)
as well as the tensors
gµν ≡ ηabEaµEbν , Sµν ≡ ηabEaµHbν , Sµν ≡ gµρgνσSρσ . (2.3)
These satisfy,
Ha = Haµdx
µ = EaµS
µ
νdx
ν . (2.4)
Using the vierbein postulate, we can express the curvature two-form as,
Rab(e+ αh) =
1
2
Rabρσ(E) dx
ρ ∧ dxσ = 1
2
EaµE
b
νR
µν
ρσ(g) dx
ρ ∧ dxσ . (2.5)
In terms of the tensors, the action can then be brought into the following form,
S[g, S] =
∫
d4x
√−g
(
SµµR(g)− 2SµνRµν(g)− 2m2
[
(Sµµ)
2 − SµνSµν
])
. (2.6)
Upon integrating out Sµν we finally obtain the action for conformal gravity,
S[g] =
∫
d4x
√−g
(
Rµν(g)Rµν(g)− 13R(g)2
)
, (2.7)
which is invariant under Weyl scalings of the metric, gµν 7→ φ(x)2gµν . This discussion shows
that conformal gravity can be written in the equivalent form (2.1).
Note that from the above considerations, it is not obvious how to rewrite conformal
gravity in an equivalent first-order formulation. The reason is that the spin connection ωabµ
defining the curvature is that of the vierbein Eaµ which is not a solution to its equations of
motion when ωabµ is treated as an independent field in R
ab(ω).
The action (2.1) with independent spin connection was previously obtained in Ref. [4]
from a 4-dimensional gauge theory for the conformal group. It turned out to be invariant
under proper conformal transformations only if the spin connection is subject to a constraint
– 7 –
which sets ωabµ equal to ω
ab
µ(e+ αh) plus a correction term, which however drops out from
the final action when the auxiliary tensor field has been integrated out. The resulting action
is precisely conformal gravity as in (2.7).
The action (2.1) with arbitrary ωabµ is invariant under an SO(1, 1) rotation of the vierbein
vector, (
E′a(x)
H ′a(x)
)
=
(
cosh φ(x) sinhφ(x)
sinhφ(x) cosh φ(x)
)(
Ea(x)
Ha(x)
)
, (2.8)
which we will refer to as a Weyl rotation from now. The infinitesimal version of a SO(1, 1)
Weyl rotation is given by
δEa(x) = φ(x)Ha(x) , δHa(x) = φ(x)Ea(x) . (2.9)
From the infinitesimal transformations (A.16) with θab = ρa = ba = 0, we see that the Weyl
rotation (2.9) is also a subgroup of SO(4, 2).
2.2 First-order formulation of bimetric gravity
Bimetric gravity consists of two Einstein-Hilbert terms and an interaction term for two inde-
pendent metrics. The interactions need to be chosen in a particular way such that they avoid
classical ghost instabilities [8]. The vielbein formulation of bimetric gravity was introduced
in Ref. [35]. Going to the first-order formalism is straightforward: one simply introduces one
spin connection for each metric using two copies of the vielbein postulate. In D = 4, bimetric
gravity in the Cartan formalism then reads
SBGC[ω, ω˜, e, e˜] =
1
2
∫
ǫabcd
(
m2e R
ab(ω) ∧ ec ∧ ed +m2e˜ Rab(ω˜) ∧ e˜c ∧ e˜d
)
− m48
∫
ǫa1a2a3a4
∑4
n=0
βn
n!(4−n)! e
a1 ∧ · · · ∧ ean ∧ e˜an+1 ∧ · · · ∧ e˜a4 . (2.10)
The equations of motion for ωab and ω˜ab together with two vielbein postulates for the con-
nections Γ and Γ˜ imply that they are the Christoffel connections for the metrics associated to
eaµ and e˜
a
µ. Thus the kinetic terms become Einstein-Hilbert. The interaction terms can also
be expressed in terms of the corresponding metric tensors by making use of the constraint
ηabe
a
[µe˜
b
ν] = 0, which follows from the equations of motion.
A special bimetric model was studied in Ref. [36]. It corresponds to a certain choice for
the βn parameters in (2.10) for which the action assumes the form
SPM[ω, ω˜, e, e˜] = m
2
e
∫
ǫabcd
(
Rab(ω) ∧ ec ∧ ed + α2Rab(ω˜) ∧ e˜c ∧ e˜d
−m2
[
ea ∧ eb + α2e˜a ∧ e˜b
]
∧
[
ec ∧ ed + α2e˜c ∧ e˜d
])
. (2.11)
Interestingly, this model shows some similarities to conformal gravity. Namely, if we formally
set the two spin connections to be equal, ω˜abµ = ω
ab
µ, and take α → iα, we recover the
– 8 –
action (2.1) for conformal gravity in the vielbein formalism.1 Moreover, the action (2.11) has
been shown to reproduce conformal gravity to lowest order in a curvature expansion [11–13]
An interesting approach was taken by the authors of Ref. [37] who started from a 4-
dimensional gauge theory for the group SO(4, 1) to construct an action for two spin-2 fields
interacting with a vector field. The resulting action contains the same potential as in (2.11)
but, due to a modified kinetic structure and the interactions with the vector field, the theory
possesses a residual SO(3, 1)× SO(2) invariance. Whether it is free from ghost instabilities is
an open question.
3 Parametrized conformal algebra
It is well-known that the special orthogonal group SO(4, 2) used in the construction of a gauge
theory for gravity in D = 5 is isomorphic to the conformal group C3+1 in D = 4 [38]. In the
following we start from the algebra of SO(4, 2), for which we introduce new sets of bases with
the aim to exhibit the isomorphism to the conformal algebra.
3.1 Bases of the algebra
3.1.1 6-covariant basis
We start from the basis in which the algebra of the antisymmetric generators {JIJ} of SO(4, 2)
are expressed in a covariant manner. The commutation relations are
[JIJ ,JKL] = f
MN
IJ,KL JMN , I, J, . . . = 1, . . . , 6 , (3.1)
with structure constants
f MNIJ,KL = −
1
2
(
ηIKδ
MN
JL + ηJLδ
MN
IK − ηJKδMNIL − ηILδMNJK
)
(3.2)
and ηIJ = diag(+,+,+,−,−η, η) with η = ±1. We call {JIJ} the 6-covariant basis and
I, J, . . . 6-covariant internal indices. In this basis the invariant tensor of the Euler class is
given by
〈JIJ ,JKL,JMN 〉 = ǫIJKLMN . (3.3)
With this we have all the ingredients we need to compute the gauge CS theory for the SO(4, 2).
3.1.2 5-covariant basis
Expanding indices we can express the commutation relations in a 5-covariant basis. To
this end, we take an anti-symmetric sub-matrix of JIJ and a scaled vector, namely JAB ,
JA6 ≡ γ TA with A,B, . . . = 1, . . . , 5. The real constant γ has been introduced to perform
1Note that the spin-2 ghost of conformal gravity is a consequence of making α imaginary which introduces
a minus sign in front of a kinetic term.
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an IW contraction later on. The commutation relations (3.1) of SO(4, 2) in terms of these
5-covariant generators read
[JAB ,JCD] = f
EF
AB,CD JEF , (3.4a)
[JAB ,TC ] = f
D
AB,C TD , (3.4b)
[TA,TB ] = γ
−2f CDA,B JCD , (3.4c)
with structure constants
f DAB,C = −
(
ηACδ
D
B − ηBCδDA
)
, f CDA,B = −12 η δCDAB , (3.5)
and where ηAB = diag(+,+,+,−,−η) with η = ±1. We call A,B, . . . 5-covariant internal
indices. In this basis the only non-zero invariant tensor of the Euler class is given by
〈JAB ,JCD,TE〉 = γ−1 ǫABCDE . (3.6)
The commutation relations (3.4) show that the IW contraction γ →∞ converts the algebra
into one of the 5-dimensional Poincare´ algebras, ISO(3, 2) or ISO(4, 1) for η = ±1, respectively.
3.1.3 4-covariant basis
We continue with expanding indices. Consider now the generators Jab, Ja5 ≡ Ba, Ta, T5 ≡D
which make up the 4-covariant basis whose 4-covariant indices a, b, . . . will be interpreted as
local Lorentz indices. The commutation relations (3.1) in this basis read
[Jab,Jcd] = f
ef
ab,cd Jef , (3.7a)
[Jab,Bc] = f
d
ab,c Bd , (3.7b)
[Jab,Tc] = f
d
ab,c Td , (3.7c)
[Jab,D] = 0 , (3.7d)
[Ba,Bb] = η Jab , (3.7e)
[Ba,Tb] = −ηabD , (3.7f)
[Ba,D] = −η Ta , (3.7g)
[Ta,Tb] = −ηγ−2Jab , (3.7h)
[Ta,D] = −ηγ−2Ba . (3.7i)
The corresponding gauge transformations are listed in appendix A.2.1. We note that the
above algebra is invariant under SO(1, 1) rotations2 of the vector (Ba, γT a),(
Ba
γT a
)
7−→
(
coshφ sinhφ
sinhφ coshφ
)(
Ba
γT a
)
, (3.8)
2For γ2 < 0, the symmetry would be SO(2).
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which is reminiscient of the Weyl rotation in equation (2.8). Indeed, we will identify the
symmetry of the algebra as the origin of the Weyl rotation invariance later on.
In the above 4-covariant basis the isomorphism between the SO(4, 2) and the 4-dimensional
conformal algebra is still not explicit. Only the subalgebra span {Jab,D} is the same as in the
conformal algebra. To retrieve the full isomorphism to the conformal algebra we will perform
a general linear transformation on the generators Ba and Ta in the following section.
3.1.4 4-covariant canonical basis and parametrized conformal algebra
We now introduce a new basis for the subspace spanned by the generators Ba and Ta, and
define the new generators Pa and Ka as the following GL(2,C) rotated combinations,(
Pa
Ka
)
=M
(
Ba
γTa
)
, M =
(
a bγ−1
c dγ−1
)
, a, b, c, d ∈ C . (3.9)
The full commutation relations in this new basis read
[Jab,Jcd] = f
ef
ab,cd Jef , (3.10a)
[Jab,Pc] = f
d
ab,c Pd , (3.10b)
[Jab,Kc] = f
d
ab,c Kd , (3.10c)
[Jab,D] = 0 , (3.10d)
[Pa,Pb] = η
(
a2 − b2γ−2
)
Jab , (3.10e)
[Pa,Kb] = − detM ηabD + η
(
ac− bdγ−2
)
Jab , (3.10f)
[Pa,D] =
η
detM
[(
ac− bdγ−2
)
Pa −
(
a2 − b2γ−2
)
Ka
]
, (3.10g)
[Ka,Kb] = η
(
c2 − d2γ−2
)
Jab , (3.10h)
[Ka,D] =
η
detM
[(
c2 − d2γ−2
)
Pa −
(
ac− bdγ−2
)
Ka
]
. (3.10i)
Since it represents the most general form of linearly redefined translational and conformal
sectors, we call this the 4-covariant canonical basis. The corresponding gauge transformations
are listed in appendix A.2.2. The algebra remains invariant under the SO(1, 1) rotations of
the vector (Ba, γT a), which by inverting the matrix M can be expressed in terms of P a
and Ka.
As we will see below, the above set of isomorphic algebras with general M contains the
conformal algebra as a special case, and we therefore call it the parametrized conformal algebra
C3+1(M,γ). It contains 8 independent real parameters in total.
3.2 Interesting parameter choices
We now identify two special choices for the parameters a, b, c, d and γ, which will lead
to different but isomorphic subalgebras. The first four commutators (3.10a)-(3.10d) of the
algebra are independent of these parameters and thus remain unaffected. We can immediately
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rule out parameter choices which render the matrix M in eq. (3.9) singular, since for these
the commutators (3.10g) and (3.10i) remain undetermined. The invertibility of the matrix
M also ensures that the change of basis in eq. (3.9) is invertible and therefore all the algebras
C3+1(M,γ) are isomorphic.
3.2.1 Conformal basis
In this paper we will always treat the generators Pa and Ka on the same footing since we
will interpret the corresponding gauge fields as two vierbeine with equal status. We therefore
start by analyzing the case where both subspaces span {Pa} and span {Ka} each make up an
Abelian subalgebra. One could also analyze cases with only one Abelian subalgebra which
we will not cover in the following. The double Abelian case is obtained when
a2 − b2γ−2 = 0 , c2 − d2γ−2 = 0 . (3.11)
Note that this implies that the matrix M maps onto a basis of two vectors (a, bγ−1) and
(c, dγ−1) which have zero-norm with respect to the SO(1, 1) invariant metric. The above
equations can be satisfied by two distinct parameter choices: i) b = ±aγ, d = ±cγ or ii)
b = ±aγ, d = ∓cγ. The case i) implies detM = 0, so we rule it out. With ii) on the other
hand we get detM = ∓2acγ 6= 0. As mentioned above, the first four commutators of the
algebra are identical to (3.10a)-(3.10d). The remaining ones for the allowed choice ii) read
[Pa,Pb] = [Ka,Kb] = 0 , (3.12a)
[Pa,Kb] = ±2ac (γηabD ± ηJab) , (3.12b)
[Pa,D] = ∓ηγ−1Pa , (3.12c)
[Ka,D] = ±ηγ−1Ka . (3.12d)
We call this choice of parameters the 4-conformal basis. In this case the algebra still depends
on 3 real parameter combinations and it contains the 4-dimensional Poincare´ subalgebra
P3+1 ≃ span {Jab,Pa} ≃ span {Jab,Ka} . (3.13)
By re-absorbing γ into D and furthermore choosing ac = 1, we obtain the algebra of the
conformal group C3+1, written in the usual basis of conformal field theory.
3.2.2 Orthogonal basis
Another special case which simplifies the algebra is obtained by demanding that M maps
onto a set of vectors (a, bγ−1) and (c, dγ−1) which are orthogonal with respect to the SO(1, 1)
invariant metric. This requires
ac− bdγ−2 = 0 . (3.14)
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This leaves M non-singular. In this case the first four commutators of the algebra are again
identical to (3.10a)-(3.10d). The remaining part of the algebra reads
[Pa,Pb] = η
(
a2 − b2γ−2)Jab , (3.15a)
[Pa,Kb] = − detM ηabD , (3.15b)
[Pa,D] = − ηdetM
(
a2 − b2γ−2)Ka , (3.15c)
[Ka,Kb] = η
(
c2 − d2γ−2)Jab , (3.15d)
[Ka,D] =
η
detM
(
c2 − d2γ−2)Pa , (3.15e)
with bd = acγ2. The algebra still depends on 4 real parameter combinations and we call it
the orthogonal basis. The corresponding gauge transformations are listed in appendix A.2.3.
4 Chern-Simons geometry in D = 5
We now set out to formulate a gauge theory for the 4-dimensional conformal group based on
a 5-dimensional Chern-Simons action.
4.1 Chern-Simons action in 6-covariant basis
Let us consider the gauge theory defined by a Chern-Simons form Q(5) on a 5-dimensional
manifold,
SCS5 [A] =
∫
M5
Q(5)(A) =
∫
M5
〈
F ∧F ∧A− 12F ∧A∧A∧A+ 110A∧A∧A∧A∧A
〉
, (4.1)
where the gauge connection A = 12A
IJJIJ is valued in the algebra of the conformal group
C3+1 ≃ SO(4, 2). The action is invariant under the conformal group by construction. It
defines a 5-dimensional geometry specified by a connection instead of a metric. In the follow-
ing, lower-dimensional metrics will emerge through the subspace decomposition of the gauge
connection.
4.2 5-covariant basis
In the 5-covariant basis the gauge connection splits into a connection ωAB = AAB with
A,B = 1, . . . 5 of the rotational group SO(3, 2) or SO(4, 1) and an additional gauge field
uA = AA6/γ associated to the generator TA = γJA6,
A = 12A
IJJIJ = ω5 + u5 =
1
2ω
ABJAB + u
ATA . (4.2)
The form of the action (4.1) in terms of 5-covariant objects can be computed using the
subspace separation method of Ref. [39]. The result is
SCS5 [ω5, u5] =
1
4
∫
M5
ǫABCDE
(
RAB5 (ω5) ∧RCD5 (ω5) ∧ uE − 2η3γ2RAB5 (ω5) ∧ uC ∧ uD ∧ uE
+ 1
5γ4
uA ∧ uB ∧ uC ∧ uD ∧ uE
)
, (4.3)
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which corresponds to a Lanczos-Lovelock Lagrangian in D = 5 when we interpret uA as the
fu¨nfbein.
As already mentioned earlier, the IW contraction γ →∞ of the 4-dimensional conformal
algebra results in the Poincare´ algebra. Accordingly, taking γ →∞ in the action (4.3) yields
precisely the Chern-Simons action for the 5-dimensional Poincare´ group [34]
SCS5 [ω5, u5]
∣∣∣
γ→∞
= 14
∫
M5
ǫABCDER
AB
5 (ω5) ∧RCD5 (ω5) ∧ uE . (4.4)
4.3 4-covariant basis
We now further decompose the indices into A = (a, 5). The connection in (4.2) further splits
up as follows in the 4-covariant basis,
A = ω + s+ u+ µ = 12ω
abJab + s
aBa + u
aTa + µD , (4.5)
where we denote ω4 = ω and u4 = u. Defining u
5 ≡ µ, we obtain the action in terms of
4-covariant objects,
SCS5 [ω, s, u, µ]
= 14
∫
M5
ǫabcd
(
Rab(ω) ∧Rcd(ω) ∧ µ+ 2η Rab(ω) ∧ sc ∧ sd ∧ µ+ sa ∧ sb ∧ sc ∧ sd ∧ µ
− 4Rab(ω) ∧ T c(ω, s) ∧ ud − 4η T a(ω, s) ∧ sb ∧ sc ∧ ud + 4η3γ2 T a(ω, s) ∧ ub ∧ uc ∧ ud
− 2η
γ2
Rab(ω) ∧ uc ∧ ud ∧ µ− 2
γ2
sa ∧ sb ∧ uc ∧ ud ∧ µ+ 1
γ4
ua ∧ ub ∧ uc ∧ ud ∧ µ
)
. (4.6)
Here we have introduced the torsion 2-form,3 T a(ω, s) ≡ dsa+ωab∧ sb. In section 5.1 we will
study two different dimensional reduction schemes for which the action (4.6) becomes related
to Einstein-Cartan and conformal gravity, respectively.
4.4 4-covariant canonical basis
In the 4-covariant canonical basis, the gauge connection splits up as follows,
A = ω + e+ h+ µ = 12ω
abJab + e
aPa + h
aKa + µD . (4.7)
The introduction of the matrix M corresponds to a change of variables in the action. The
vierbeine ua and sa are exchanged against two linear combinations, ea and ha, defined via(
sa
ua
)
=
(
a c
b d
)(
ea
ha
)
=MT
(
ea
ha
)
. (4.8)
The expression for the action is a bit lengthy and we provide it in equation (B.1). Its
interaction potential contains all possible wedge products between ea and ha (each with an
3Note that this is a slight abuse of terminology since the genuine 4-dimensional torsion 2-form corresponds
to the sub-components T aµν , µ, ν = 0, . . . 3. Similarly, we will sometimes refer to the 5-dimensional 1-form
components eam as the vielbein (even though the genuine vierbein is e
a
µ).
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additional ∧µ) and is therefore reminiscent of ghost-free bimetric gravity inD = 4. The action
is however not truly bimetric-like4 because it contains only one spin connection ωabm(X) dX
m.
Let us discuss two examples for actions in the canonical basis.
4.4.1 Conformal basis
When the parameters of the algebra are chosen as in (3.11), the action (B.1) becomes
SCS5 [ω, e, h, µ] =
1
4
∫
M5
ǫabcd
(
Rab(ω) ∧Rcd(ω) + 8acη Rab(ω) ∧ ec ∧ hd
+ 16a2c2 ea ∧ eb ∧ hc ∧ hd
)
∧ µ+ γ Storsion[ω, e, h] . (4.9)
The precise form of Storsion is provided in equation (B.3). It contains torsion terms for the
vielbeine for ea and ha, which are required for making the theory SO(4, 2) gauge invariant.
These torsion terms are proportional to the parameter γ and we can make them disappear
by setting γ = 0. This however breaks the gauge symmetry since some of the commutation
relations (3.12) become ill-defined in this limit.
4.4.2 Orthogonal basis
If we choose the parameters corresponding to the orthogonal basis, c.f. (3.14), the general
action (B.1) becomes
SCS5 [ω, e, h, µ]
= 14
∫
M5
ǫabcd
(
Rab(ω) ∧Rcd(ω) + 4a2η Rab(ω) ∧ ec ∧ ed + 4c2η Rab(ω) ∧ hc ∧ hd
+ 4a4 ea ∧ eb ∧ ec ∧ ed + 8a2c2 ea ∧ eb ∧ hc ∧ hd + 4c4 ha ∧ hb ∧ hc ∧ hd
)
∧ µ
+ γ S′torsion[ω, e, h] . (4.10)
The feature of this action is that the torsional part is again proportional to the parameter
γ, which is not the case for general parameters in the action (B.1). The torsion terms
S′torsion[ω, e, h] are given in equation (B.4). To arrive at the action (4.10) we have performed
a rescaling, γ → iγ, which is necessary for the reality of the action and changes the SO(1, 1)
symmetry of the gauge algebra to SO(2) (provided that γ2 > 0).
Since all algebras C3+1(M,γ) are isomorphic, the corresponding actions in D = 5 will
all be related through linear field redefinitions. In order to see this explicitly in a simple
example, set γ = 0 and take
ea → 1√
2a
(
a ea + ic ha
)
, ha → 1√
2c
(
a ea − ic ha
)
, (4.11)
4The term bimetric-like is supposed to emphasize that the fields are not genuinely 4-dimensional objects,
since, for example, ea = eam(X)dX
m. After choosing a dimensional reduction scheme we will denote the
genuinely 4-dimensional fields with a bar, e.g. e¯a(x) = eaµ(x)dx
µ.
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in (4.9). The resulting action will be (4.10). This equivalence of the actions expressed
in different bases will be broken by our dimensional reduction schemes and hence the 4-
dimensional theories we can derive from actions with different values for the matrix M will
not be indistinguishable.
5 Dimensional reductions
In the general 5-dimensional Chern-Simons theory the fields depend on all coordinates,
A = Am(X) dX
m , m = 1, . . . , 5 . (5.1)
In our reduction schemes, we will decompose Xm into Xµ = xµ and X5 = w, which are the
coordinates on a 4- and a 1-dimensional submanifoldM4 and Σ ofM5, such thatM5 =M4⋉Σ.
We will then restrict the field dependences on these coordinates in different ways such that
we can integrate over the 5th dimension.
5.1 Reduction in the 4-covariant basis
In the following we analyze the relation of the 5-dimensional theory defined by the gauge
invariant action (4.6) to Einstein-Cartan and conformal gravity in D = 4.
5.1.1 Recovering Einstein-Cartan
Ref. [19] studied the relation between a Chern-Simons action for the 5-dimensional Poincare´
group in D = 5 and a dilatonic Gauss-Bonnet term in D = 4. Establishing this connection
required a certain dimensional reduction scheme and projecting the equations of motion onto
the 4-dimensional boundary. Here we will invoke a different scheme which reduces our setup
to Einstein-Cartan gravity in D = 4 with torsional counter-terms but without the dilaton.
First we take the limit γ → ∞, contracting the gauge algebra to the 5-dimensional
Poincare´ groups. Our action (4.6) in the 4-covariant basis becomes
SCS5 [ω, s, u, µ]
= 14
∫
M5
ǫabcd
(
Rab(ω) ∧Rcd(ω) + 2η Rab(ω) ∧ sc ∧ sd + sa ∧ sb ∧ sc ∧ sd
)
∧ µ
−
∫
M5
ǫabcd
(
Rab(ω) + η sa ∧ sb
)
∧ T c(ω, s) ∧ ud. (5.2)
This is a Chern-Simons gauge theory in D = 5 for the group ISO(3, 2) or ISO(4, 1) (depending
on the sign of η), expressed in the components of the 4-covariant basis. Note that both
gauge groups contain ISO(3, 1) as a subgroup. The action is invariant under the gauge
transformations in eq. (A.13).
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In order to reduce the theory to D = 4, we now restrict the fields and their dependence
on the coordinates as follows,
ωabm(X) dX
m = ωabµ(x) dx
µ =: ω¯ab(x) , (5.3a)
sam(X) dX
m = saµ(x) dx
µ =: s¯a(x) , (5.3b)
uam(X) dX
m = uam(w) dX
m =: u¯a(w) , (5.3c)
µm(X) dX
m = µm(w) dX
m =: µ¯(w) , (5.3d)
where the bars indicate the fact that this restriction corresponds to a field configuration, in
which the entire ISO(3, 2) or ISO(4, 1) symmetry is broken. We can view it has a gauge-fixed
version of more general configurations that are obtained from (5.3) by gauge transformations.
In other words, we restrict the ISO(3, 2) or ISO(4, 1) gauge connection A′ in the CS action
to have components of the form,
ω′ab(X) = ω¯ab(x) + δωab(X) , s′a(X) = s¯a(x) + δsa(X) ,
u′a(X) = u¯a(w) + δua(X) , µ′(X) = µ¯(w) + δµ(X) , (5.4)
where the gauge transformations δωab(X), etc., are given in eq. (A.13). Then the restricted
action will still have the full ISO(3, 2) or ISO(4, 1) symmetry, but can be dimensionally
reduced only in the gauge (5.3). In this sense, the dimensional reduction breaks the entire
ISO(3, 2) or ISO(4, 1) symmetry.5 Note that this means that we even lost local Lorentz
invariance in D = 4, which will become explicit in what follows.
With components restricted as in (5.3), Rab(ω¯) coincides with the Lorentz curvature and
s¯a with the vierbein of the 4-dimensional Cartan formalism. Plugging the restricted fields
into the (A)dS invariant action (5.2) gives
S¯[ω¯, s¯, u¯, µ¯] = η
ℓ2
∫
Σ
µ¯
∫
M4
ǫabcd
(
η
2R
ab(ω¯) ∧Rcd(ω¯) +Rab(ω¯) ∧ s¯c ∧ s¯d + η
ℓ2
s¯a ∧ s¯b ∧ s¯c ∧ s¯d
)
+
√
2
ℓ
∫
Σ
u¯a
∫
M4
ǫabcd
(
Rbc(ω¯) + 2η
ℓ2
s¯b ∧ s¯c
)
∧ T¯ d(ω¯, s¯). (5.5)
To arrive at this form, we have rescaled s¯a → (√2/ℓ)s¯a, where ℓ is a constant. The reduced
action involves the torsion 2-form T¯ d(ω¯, s¯) = Dω¯ s¯ and it is a sum of products of separate
integrals. We can now integrate over the fifth dimension and define the constants κ =
∫
Σ µ¯,
φa =
∫
Σ u¯
a. This produces the following 4-dimensional action,
S¯[ω¯, s¯] = κη
ℓ2
∫
M4
ǫabcd
(
Rab(ω¯) ∧ s¯c ∧ s¯d + η
ℓ2
s¯a ∧ s¯b ∧ s¯c ∧ s¯d
)
+
√
2
ℓ
φa
∫
M4
ǫabcd
(
Rbc(ω¯) + 2η
ℓ2
s¯b ∧ s¯c
)
∧ T¯ d(ω¯, s¯) . (5.6)
5Indeed it is easy to show that the gauge-fixing (5.3) leaves no residual gauge transformations.
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Here we have omitted the topological Gauss-Bonnet term. The action corresponds precisely
to the first-order 4-dimensional Einstein-Cartan theory with negative or positive cosmological
constant for η = ±1, respectively, plus terms including torsion.
Note that the presence of the constant vector φa breaks the local Lorentz symmetry. The
only ways to reinstore 4-dimensional Lorentz invariance are to assume vanishing torsion or to
demand that φa = 0, which is a further strong restriction on the gauge field component ua.
In both cases we recover precisely the Einstein-Cartan action.
5.1.2 A first-order action for conformal gravity
We now go back to the SO(4, 2) invariant action (4.6) with arbitrary γ and perform a dimen-
sional reduction. We restrict the gauge field components in a slightly different way,
ωabm(X) dX
m = ωabµ(x) dx
µ =: ω¯ab(x) , (5.7a)
sam(X) dX
m = saµ(x) dx
µ =: s¯a(x) , (5.7b)
uam(X) dX
m = uaµ(x) dx
µ =: u¯a(x) , (5.7c)
µm(X) dX
m = µ5(w) dw =: µ¯(w) . (5.7d)
In this case the semi-direct product M5 = M4 ⋉ Σ becomes a direct product M5 = M4 × Σ
since the components of the fu¨nfbein sAm(X) satisfy s
a
5 = s
5
µ = 0 and the same for u
A
m(X).
Analogously to the scheme in the previous subsection, these can be viewed as a gauge-
fixed version of more general configurations which can be obtained from (5.7) through the
general SO(4, 2) transformations displayed in (A.12). However, in this case, (5.7) do not fix
the gauge completely. One can still perform transformations with parameters θab = θab(x)
which appear in (A.12) for βa = τa = λ = 0. These correspond to a residual symmetry which
is precisely the 4-dimensional local Lorentz symmetry SO(3, 1).
The above restriction µ = µ5 dw ensures that all other components parallel to dw, includ-
ing all torsion terms, will drop out from the action due to dw ∧ dw = 0. Thus all appearing
indices on the other fields will be D = 4 spacetime indices. The action (4.6) reduces to
S¯[ω¯, s¯, u¯, µ¯] = η2
∫
Σ
µ¯
∫
M4
ǫabcd
(
η
2R
ab(ω¯) ∧Rcd(ω¯) +Rab(ω¯) ∧
[
s¯c ∧ s¯d − 1
γ2
u¯c ∧ u¯d
]
+ η2
[
s¯a ∧ s¯b − 1
γ2
u¯a ∧ u¯b
]
∧
[
s¯c ∧ s¯d − 1
γ2
u¯c ∧ u¯d
])
. (5.8)
Defining the constant κ =
∫
Σ µ¯ the action in D = 4 becomes
S¯[ω¯, s¯, u¯] = κη2
∫
M4
ǫabcd
(
Rab(ω¯) ∧
[
s¯c ∧ s¯d − 1
γ2
u¯c ∧ u¯d
]
+ η2
[
s¯a ∧ s¯b − 1
γ2
u¯a ∧ u¯b
]
∧
[
s¯c ∧ s¯d − 1
γ2
u¯c ∧ u¯d
])
, (5.9)
where we have again omitted the Gauss-Bonnet term. This result looks very similar to the
conformal gravity action in (2.1). However, the crucial difference is that the spin connection
is an independent field in our setup and hence the action is not equivalent to (2.1) where ω¯
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is fixed to be the spin connection for the vierbein sa + γ−1ua. The invariance under Weyl
rotations of the vierbein vector (ua, γsa) is a direct consequence of the SO(1, 1) symmetry of
the SO(4, 2) algebra, c.f. equation (3.8).
The action (5.9) is precisely the same as the one obtained in Ref. [4] which constructed
a 4-dimensional gauge theory in terms of the unique quadratic action for the curvatures
of SO(4, 2). Our result differs from Ref. [22] which derived conformal gravity from a 5-
dimensional gauge theory for the group SO(4, 2). For performing the dimensional reduction,
this reference assumed the existence of an isometry along the fifth dimension such that no
fields depended on it. In this way they obtained conformal gravity with an additional dilatonic
field under the assumption of vanishing torsion.
5.2 Reduction in the orthogonal basis
As stated earlier, the 5-dimensional theories expressed in different bases of the algebra are
all equivalent because they can be obtained from one to another by linear field redefinitions.
However, in this section we will introduce a dimensional reduction scheme which explicitly
breaks this equivalence and makes the 4-dimensional setup basis-dependent. Namely, we will
dimensionally reduce the theory by restricting the gauge field components as follows,
ωabm(X) dX
m = ωabµ(x) dx
µ + ωab5(x,w) dw =: ω¯
ab(x) + ωab5(x,w) dw , (5.10a)
eam(X) dX
m = e(w) eaµ(x) dx
µ + ea5(x,w) dw =: e(w) e¯
a(x) + ea5(x,w) dw , (5.10b)
ham(X) dX
m = h(w)haµ(x) dx
µ + ha5(x,w) dw =: h(w) h¯
a(x) + ha5(x,w) dw , (5.10c)
µm(X) dX
m = µ5(w) dw =: µ¯(w) . (5.10d)
Here we have introduced two arbitrary scalar functions e = e(w) and h = h(w) on Σ. They
define a warped spacetime in the direction X5 = w, since the metric of a warped geometry
has the general form,
ds2 = f(w)gµν(x)dx
µdxν + g(w)dw2 . (5.11)
For a discussion of effective theories with warped geometry see, for example, Ref. [21].
The form of the restriction (5.10) is not the same for linear combinations of the 5-
dimensional fields ea and ha due to the presence of the warp functions.6 Thus, our dimensional
reduction requires picking a particular basis of the gauge algebra. Clearly, this leaves us with
infinitely many choices to reduce the Chern-Simons action to D = 4, corresponding to all
possible different matrices M that define C3+1(M,γ).
As an example, we choose here the orthogonal basis whose torsional part can be removed
by setting γ = 0. We then reduce the action (4.10) with the restriction (5.10). As in
our previous examples, we can allow the fields in the action to be gauge transformations of
(5.10). The transformations in the orthogonal basis are provided in (A.16). It turns out that
(5.10) does not completely fix the gauge and there are two possibilities for residual gauge
6More precisely, a linear combination la = aea+bha is not writable in the form la = l(w) l¯a(x)+la5(x,w) dw
but it will read la = ae(w) e¯a(x) + bh(w) h¯a(x) + la5(x,w) dw.
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transformations:
i) A transformation with θab = θab(x) corresponding to 4-dimensional local Lorentz symmetry.
In this case, the functions e(w) and h(w) remain arbitrary.
ii) θab = θab(x) and λ = λ(w) corresponding to 4-dimensional local Lorentz symmetry plus a
Weyl symmetry in the fifth dimension. In this case, the functions e(w) and h(w) are required
to be proportional.
In both cases the residual gauge transformations do not change the functions e(w) and
h(w). Since we are interested in the most general 4-dimensional action, in the following
we will restrict ourselves to the possibility i) i.e. we will have 4-dimensional local Lorentz
symmetry and the functions e(w) and h(w) remain unrestricted.
With the fields restricted to satisfy (5.10), the action (4.10) for γ = 0 reduces to
S¯[ω¯, e¯, h¯, µ¯] = a2η
∫
Σ
e2µ¯
∫
M4
ǫabcdR
ab(ω¯) ∧ e¯c ∧ e¯d + c2η
∫
Σ
h2µ¯
∫
M4
ǫabcdR
ab(ω¯) ∧ h¯c ∧ h¯d
+ a4
∫
Σ
e4µ¯
∫
M4
ǫabcd e¯
a ∧ e¯b ∧ e¯c ∧ e¯d + 2a2c2
∫
Σ
e2h2µ¯
∫
M4
ǫabcd e¯
a ∧ e¯b ∧ h¯c ∧ h¯d
+ c4
∫
Σ
h4µ¯
∫
M4
ǫabcd h¯
a ∧ h¯b ∧ h¯c ∧ h¯d , (5.12)
where e2, h2, etc. are powers of the warp functions. We emphasize again that, since we
took γ → 0, the C3+1(M,γ) algebra is undefined and we have lost the gauge invariance.
Nevertheless, the 4-dimensional theory still has a residual local Lorentz invariance.
To integrate over the fifth dimension, we define the constants
pst =
∫
Σ
dw es(w)ht(w)µ5(w) , (5.13)
which involve different powers of the warping functions. The 4-dimensional action becomes
S¯[ω¯, e¯, h¯] =
∫
M4
ǫabcd
(
a2ηp20R
ab(ω¯) ∧ e¯c ∧ e¯d + c2ηp02Rab(ω¯) ∧ h¯c ∧ h¯d
+ a4p40 e¯
a ∧ e¯b ∧ e¯c ∧ e¯d + 2a2c2p22 e¯a ∧ e¯b ∧ h¯c ∧ h¯d + c4p04 h¯a ∧ h¯b ∧ h¯c ∧ h¯d
)
. (5.14)
For a special relation among the parameters pst,
p40 = p
2
20 , p22 = p20p02 , p04 = p
2
02 , (5.15)
we perform the following field redefinition,
a′Ea = a
√
ηp20 e¯
a + ic
√
ηp02 h¯
a , c′Ha = a
√
ηp20 e¯
a − ic√ηp02 h¯a . (5.16)
In terms of these new variables, the action assumes the form of first-order conformal gravity,
just like in the 4-covariant basis, c.f. section 5.1.2. For more general parameter choices,
the action (5.14) can be viewed as a generalization of first-order conformal gravity which is
no longer invariant under the SO(2) rotations. In this case the Weyl rotation invariance is
explicitly broken by an asymmetric choice of parameters pst which implies an asymmetry in
the warp functions e(w) and h(w) for the two vierbeine.
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5.3 Generalized bimetric gravity from a doubled Chern-Simons theory
Ref. [40] derived a generalized massive gravity model with additional fields from a 4-dimensional
gauge theory of SO(4, 2). Ref. [37] started from the group SO(5, 1) to arrive at a model that
shows similarities to both bimetric and conformal gravity but contains an additional vector
field. Here we will show how bimetric interactions (in vierbein formulation) can emerge from
5-dimensional Chern-Simons terms.
To this end, we now consider a doubled version of the Chern-Simons theory in the 4-
covariant canonical basis, by adding another gauge invariant action SCS5 [ω˜, e, h, µ˜] to (4.10).
7
The second copy involves a different spin connection ω˜ and a different one-form µ˜, whereas the
two vierbein fields are taken to be the same as in SCS5 [ω, e, h, µ]. Due to its interdependent
field content, the sum SCS5 [ω, e, h, µ] + SCS5 [ω˜, e, h, µ˜] breaks the SO(4, 2) × SO(4, 2) gauge
symmetry to a smaller subgroup. As can be read off from the gauge transformations in
equation (A.15), the residual gauge symmetry of the action is SO(3, 1)×Dilation with gauge
parameters θab and λ.
We then perform a dimensional reduction by restricting both sets of fields as in (5.10)
with analogous forms for ω˜abm and µ˜m . The action reduces to,
S + S˜ = η
∫
M4
ǫabcd
(
a2p20R
ab(ω¯) ∧ e¯c ∧ e¯d + c2p02Rab(ω¯) ∧ h¯c ∧ h¯d
+ a2p˜20R
ab(¯˜ω) ∧ e¯c ∧ e¯d + c2p˜02Rab(¯˜ω) ∧ h¯c ∧ h¯d
)
+
∫
M4
ǫabcd
(
a4(p40 + p˜40) e¯
a ∧ e¯b ∧ e¯c ∧ e¯d + 2a2c2(p22 + p˜22) e¯a ∧ e¯b ∧ h¯c ∧ h¯d
+ c4(p04 + p˜04) h¯
a ∧ h¯b ∧ h¯c ∧ h¯d
)
+ γS¯torsion . (5.17)
where the bar over S + S˜ is to make clear that we dimensionally reduced the sum of both
Chern-Simons gauge theories and S¯torsion is the dimensional reduced version of the sum of
the two torsion terms S′torsion + S˜
′
torsion. We have defined the constants,
p˜st =
∫
Σ
dw es(w)ht(w)µ˜5(w) . (5.18)
For general values of these constants, the above restrictions on the fields and reduction to
D = 4 further breaks the gauge symmetry down to SO(3, 1). The resulting action in eq. (5.17)
can be seen as a generalization of bimetric theory with interaction parameters β1 = β3 = 0.
We now set γ = 0, making the algebra ill-defined, and identify two special cases:
• Bimetric gravity: Since the p’s and p˜’s are all independent parameters from the 4-
dimensional point of view, the potential in (5.17) is a special case of ghost-free bimetric
theory. The kinetic terms are all accompanied by arbitrary parameters which we can
7In spirit, our doubled Chern-Simons action is somewhat similar to theories built from transgression
forms [1, 41].
– 21 –
restrict in order to guarantee the absence of ghosts. Namely, the parameter choice
p02 = 0 , p˜20 = 0 , (5.19)
eliminates the kinetic mixings. In this case we can rename
ηa2p20 =
1
2m
2
e , ηc
2p˜02 =
1
2m
2
h , a
4(p40 + p˜40) = − 18·4!m4β0 ,
2a2c2(p22 + p˜22) = − 18·4m4β2 , c4(p04 + p˜04) = − 18·4!m4β4 , (5.20)
such that the action (5.17) becomes (for γ = 0)
S =
1
2
∫
M4
ǫabcd
(
m2e R
ab(ω¯) ∧ e¯c ∧ e¯d +m2hRab(¯˜ω) ∧ h¯c ∧ h¯d
)
− m
4
8
∫
M4
ǫabcd
(
β0
4! e¯
a ∧ e¯b ∧ e¯c ∧ e¯d + β24 e¯a ∧ e¯b ∧ h¯c ∧ h¯d + β44! h¯a ∧ h¯b ∧ h¯c ∧ h¯d
)
.
(5.21)
This is bimetric gravity in first-order formulation with β1 = β3 = 0. It is invariant
under the residual local Lorentz symmetry, as expected. We leave it as an open question
whether the action with more general parameters propagates the Boulware-Deser ghost.
Note also that the special model of eq. (2.11) corresponds to taking
p40 + p˜40 = p
2
20 , p22 + p˜22 = p20p˜02, p04 + p˜04 = p˜
2
02 p˜20 = 0 , p02 = 0 . (5.22)
• Weyl rotation symmetry: As we pointed out in section 2.1, the Weyl rotation
symmetry of first-order conformal gravity is a subgroup of the conformal group. In
fact there is a parameter choice that maintains the Weyl rotation symmetry of the
action (5.17). Namely, if instead of (5.22), we choose the parameters as,
p40 + p˜40 = p
2
20 , p22 + p˜22 = p20p˜02 , p04 + p˜04 = p˜
2
02 , p02 = p˜02 , p˜20 = p20 , (5.23)
the action (5.17) for γ = 0 takes the form
S = η
∫
M4
ǫabcd
([
Rab(ω¯) +Rab(¯˜ω)
]
∧
[
a2p20 e¯
c ∧ e¯d + c2p˜02 h¯c ∧ h¯d
]
+
[
a2p20 e¯
a ∧ e¯b + c2p˜02 h¯a ∧ h¯b
]
∧
[
a2p20 e¯
c ∧ e¯d + c2p˜02 h¯c ∧ h¯d
])
. (5.24)
This action is invariant under the SO(2) (or SO(1, 1), depending on the sign of p20p˜02)
Weyl rotation invariance. Note, however, that it differs from first-order conformal grav-
ity due to the appearance of two curvature forms depending on two independent spin
connections.
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6 Discussion
We showed how an extended version of Einstein-Cartan theory in D = 4 can be obtained from
a 5-dimensional Chern-Simons action for the gauge group SO(4, 2) after an IW contraction.
Away from this contraction limit, the 4-dimensional theory is a first-order version of conformal
gravity. Parametrizing the gauge algebra of SO(4, 2) in terms of the matrix M and the IW
parameter γ then allowed us to construct a canonical basis of generators and perform further
inequivalent dimensional reductions including warp functions. In this way we discovered
new connections between spin-2 field theories in D = 4 and Chern-Simons geometries in
D = 5. In particular, we arrived at a family of generalized conformal gravity actions. Finally,
invoking two copies of the Chern-Simons action with interdependent field content, dimensional
reduction resulted in a family of generalized bimetric theories which contain the ghost-free
theory as a subclass.
Let us briefly comment on how our approach differs from earlier work on dimensional
reductions of the Chern-Simons action. Ref. [18] reduced the SO(4, 2) Chern-Simons theory
to get the so-called topological gravity. The result is different from ours due to different re-
strictions on the vierbein components and on the field dependence on the 5th coordinate. The
author of Ref. [19] performed a projection of ISO(4, 1) and SO(4, 2) Chern-Simons theories
onto D = 4 at the level of equations of motion. In the SO(4, 2) case this resulted in standard
GR plus a dilatonic Gauss-Bonnet term. In Ref. [16] the same Chern-Simons theories are
dimensional reduced using a Kaluza-Klein ansatz and demanding vanishing torsion. A simi-
lar approach was taken in Ref. [21] with the difference that their ansatz is a warp geometry
instead of Kaluza-Klein. The procedure in our paper is yet a different one since we do not
restrict to T a = 0 and impose different conditions on the fields in our dimensional reduc-
tion schemes. Further models with vanishing torsion and a diagonal metric ansatz for the
5-dimensional geometry were studied in Ref. [17, 23]. In Ref. [22] the Chern-Simons theory for
SO(4, 2) is dimensional reduced in a scheme with vanishing torsion and a particular tractor
connection. The resulting effective Lagrangian is standard conformal gravity multiplied by a
scalar function.
Our dimensional reductions are imposed as external restrictions on the fields; we have
not checked whether they can arise dynamically as, for instance, in Ref. [20]. Moreover, it
is important to note that the procedure of dimensional reduction with warp functions breaks
the equivalence of the 5-dimensional actions and we have only studied some examples for
the resulting 4-dimensional field theories. We thus emphasize that all our results depend on
choices for the dimensional reduction scheme which introduces some level of arbitrariness into
the setup. This is reflected by the fact that earlier results in the literature included many
different actions in D = 4 derived from the same 5-dimensional theory. Nevertheless, our
analysis demonstrates that a possible origin for structures of 4-dimensional spin-2 interactions
(which have not been obtained before) could be found in 5-dimensional Chern-Simons theories.
The dimensional reduction breaks the gauge group SO(4, 2) to a smaller subgroup, which
corresponds to the Lorentz invariance in D = 4 (except for the case of Einstein-Cartan gravity
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where without further restrictions no residual symmetries survive in D = 4). An interesting
observation is that the Weyl rotation invariance of first-order conformal gravity (which was
already present in the purely 4-dimensional setup of Ref. [4]) stems from an SO(1, 1) invariance
of the conformal algebra. Introducing the warp functions into the dimensional reduction
generically explicitly breaks this symmetry. To our knowledge, the resulting generalizations
of first-order conformal gravity and bimetric theory have not been discussed in the literature
before and it would be interesting to study their properties. In particular, an important
question is whether they are free from ghost instabilities.
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A Gauge theory for the conformal group
In this appendix we summarize aspects of the gauge theory for the group SO(4, 2) in the
different bases of in section 3.1. We use the following conventions for coordinate indices,
µ, ν, . . . = 1, 2, 3, 4 ,
m, n, . . . = 1, 2, 3, 4, 5 ,
and internal indices,
a, b, . . . = 1, 2, 3, 4 ,
A,B, . . . = 1, 2, 3, 4, 5 ,
I, J, . . . = 1, 2, 3, 4, 5, 6 .
A.1 Connections and curvatures
We begin by summarizing the notation for the spin connections and curvatures appearing in
this manuscript.
• The conformal spin connection on (M6,SO(4, 2)) is defined as
A(X,X6) =
1
2
AIJ(X,X6)JIJ , span {JIJ} = SO(4, 2) . (A.1)
The field strength FA = dA+
1
2 [A,A] is exactly the curvature of the Cartan formalism
for the special orthogonal group. In the 6-covariant basis it is given by
FA = R6(A) =
1
2R
IJ(A)JIJ =
1
2
(
dAIJ +AIK ∧AKJ
)
JIJ , (A.2)
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where RIJ(A) is the conformal curvature. The decomposition of the gauge connection
into the 5-covariant basis reads
A = 12A
IJJIJ = ω5 + u5 =
1
2ω
ABJAB + u
ATA , (A.3)
and into the 4-covariant basis it is given by
A = ω + s+ u+ µ = 12ω
abJab + s
aBa + u
aTa + µD . (A.4)
• The (A)dS spin connection on (M5,SO(3, 2)) or (M5,SO(4, 1)) is defined as
ω5(X) =
1
2ω
AB(X)JAB , span {Jab} = SO(3, 2) or span {JAB} = SO(4, 1) .
In the 5-covariant basis the field strength reads
Fω5+u5 = R5(ω5) +
1
2 [u5,u5] + Dω5u5
= 12
(
RAB(ω)− ηγ−2uA ∧ uB
)
JAB +Dωu
A TA , (A.5)
where
R5(ω5) =
1
2R
AB(ω)JAB , R
AB(ω) = dωAB + ωAC ∧ ωCB , (A.6)
is the (A)dS spin curvature and Dωu
A = duA + ωAB ∧ uB .
• The Lorentz spin connection one-form on (M4,SO(3, 1)) is defined as
ω(x) := 12ω
ab(x)Jab , span {Jab} = SO(3, 1) . (A.7)
The field strength in the 4-covariant basis is given by
Fω+s+u+µ = R(ω) + Dωs+Dωu+Dωµ
+ 12 [s, s] + [s,u] + [s,µ] +
1
2 [u,u] + [u,µ] +
1
2 [µ,µ] ,
= 12
(
Rab(ω) + η sa ∧ sb − ηγ−2 ua ∧ ub
)
Jab +
(
Dωs
a − ηγ−2ua ∧ µ
)
Ba
+
(
Dωu
a − η sa ∧ µ
)
Ta +
(
Dωµ− ηab sa ∧ ub
)
D , (A.8)
where
R(ω) = 12R
ab(ω)Jab , R
ab(ω) = dωab + ωac ∧ ωcb , (A.9)
is the Lorentz curvature with respect to the Lorentz spin-connection ωαβ and
Dωu
a = dua + ωab ∧ ub , Dωsa = dsa + ωab ∧ sb , Dωµ = dµ . (A.10)
A.2 Gauge transformations
The gauge connection transforms infinitesimally as δA = DAΛ. In the following we write out
these transformations in components of the different bases.
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A.2.1 4-covariant basis
In the 4-covariant basis we denote the 0-form gauge parameter as
Λ = 12θ
abJab + β
aBa + τ
aTa + λD . (A.11)
The transformations of the components of the gauge connection then read
1
2δω
ab = 12Dωθ
ab + η s[a ∧ βb] − γ−2u[a ∧ τ b] , (A.12a)
δsa = Dωβ
a − θab ∧ sb + ηγ−2
(
τa ∧ µ− ua ∧ λ
)
, (A.12b)
δua = Dωτ
a − θab ∧ ub + η
(
βa ∧ µ− sa ∧ λ
)
, (A.12c)
δµ = Dωλ− ηab
(
s(a ∧ τ b) − β(a ∧ ub)
)
. (A.12d)
It is easy to verify that we recover the gauge symmetries ISO(3, 2) or ISO(4, 1) for η = ±1
respectively, when we take the contraction limit γ →∞ in (A.12),
1
2δω
ab = 12Dωθ
ab + η s[a ∧ βb] , (A.13a)
δsa = Dωβ
a − θab ∧ sb , (A.13b)
δua = Dωτ
a − θab ∧ ub + η
(
βa ∧ µ− sa ∧ λ
)
, (A.13c)
δµ = Dωλ− ηab
(
s(a ∧ τ b) − β(a ∧ ub)
)
. (A.13d)
A.2.2 4-covariant canonical basis
In the 4-covariant canonical basis, we express the gauge parameters as follows,
Λ = θ + ρ+ b+ λ = 12θ
abJab + ρ
aPa + b
aKa + λD. (A.14)
Then the gauge transformations for the components in this basis are given by
1
2δω
ab = 12Dωθ
ab + η
(
a2 − b2γ−2) e[a ∧ ρb]
− η (ac− bdγ−2) (ρ[a ∧ hb] − e[a ∧ bb])+ η (c2 − d2γ−2)h[a ∧ bb] , (A.15a)
δea = Dωρ
a − θab ∧ eb
− ηdetM
[(
ac− bdγ−2
)(
ρa ∧ µ− ea ∧ λ
)
+
(
c2 − d2γ−2
)(
ba ∧ µ− ha ∧ λ
)]
, (A.15b)
δha = Dωb
a − θab ∧ hb
+ ηdetM
[(
a2 − b2γ−2
)(
ρa ∧ µ− ea ∧ λ
)
+
(
ac− bdγ−2
)(
ba ∧ µ− ha ∧ λ
)]
, (A.15c)
δµ = Dωλ− detM ηab
(
e(a ∧ bb) − ρ(a ∧ hb)
)
. (A.15d)
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A.2.3 Orthogonal basis
Finally, we note that the gauge transformations in the orthogonal basis are given by
1
2δω
ab = 12Dωθ
ab + ηAe[a ∧ ρb] + η C h[a ∧ bb] , (A.16a)
δea = Dωρ
a − θab ∧ eb − ηCdetM
(
ba ∧ µ− ha ∧ λ
)
, (A.16b)
δha = Dωb
a − θab ∧ hb + ηAdetM
(
ρa ∧ µ− ea ∧ λ
)
, (A.16c)
δµ = Dωλ− detM ηab
(
e(a ∧ bb) − ρ(a ∧ hb)
)
, (A.16d)
B Chern-Simons action in components
4-covariant canonical basis. In the components of the 4-covariant canonical basis of
equation (4.7) the 5-dimensional Chern-Simons action reads
SCS5 [ω, e, h, µ]
= 14
∫
M5
ǫabcdR
ab(ω) ∧Rcd(ω) ∧ µ
+ η2
∫
M5
ǫabcd
(
ARab(ω) ∧ ec ∧ ed + 2B Rab(ω) ∧ ec ∧ hd + C Rab(ω) ∧ hc ∧ hd
)
∧ µ
+ 14
∫
M5
ǫabcd
(
A2 ea ∧ eb ∧ ec ∧ ed + 4AB ea ∧ eb ∧ ec ∧ hd + 2(AC + 2B2) ea ∧ eb ∧ hc ∧ hd
+ 4BC ea ∧ hb ∧ hc ∧ hd + C2 ha ∧ hb ∧ hc ∧ hd
)
∧ µ
−
∫
M5
ǫabcdR
ab(ω) ∧
(
ab T c(ω, e) ∧ ed + adT c(ω, e) ∧ hd + bc T c(ω, h) ∧ ed + cd T c(ω, h) ∧ hd
)
− η
∫
M5
ǫabcd
(
aT a(ω, e) + c T a(ω, h)
)
∧
(
b
(
A+ 23b
2γ−2
)
eb ∧ ec ∧ ed
+
(
d
(
A+ 23b
2γ−2
)
+ 2b
(
B + 23bdγ
−2)) eb ∧ ec ∧ hd
+
(
b
(
C + 23d
2γ−2
)
+ 2d
(
B + 23bdγ
−2)) eb ∧ hc ∧ hd + d (C + 23d2γ−2)hb ∧ hc ∧ hd) ,
(B.1)
where we have defined the parameter combinations
A = a2 − b2γ−2 , B = ac− bdγ−2 , C = c2 − d2γ−2 . (B.2)
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Conformal basis. The torsion terms in the conformal basis in equation (4.9) are given by
Storsion[ω, e, h] = ∓
∫
M5
ǫabcdR
ab(ω) ∧
(
a2 T c(ω, e) ∧ ed − ac T c(ω, e) ∧ hd
+ ac T c(ω, h) ∧ ed − c2 T c(ω, h) ∧ hd
)
∓ 2η
3
∫
M5
ǫabcd
(
aT a(ω, e) + c T a(ω, h)
)
∧
(
a3 eb ∧ ec ∧ ed
+ 3a2c eb ∧ ec ∧ hd − 3ac2 eb ∧ hc ∧ hd − c3 hb ∧ hc ∧ hd
)
,
(B.3)
for the algebraic solutions of A = C = 0 given by b = ±aγ and d = ∓cγ respectively.
Orthogonal basis. In the orthogonal basis, i.e. for b = ±iaγ and d = ∓icγ, the torsion
terms of equation (4.10) are
S′torsion[ω, e, h] = ∓i
∫
M5
ǫabcdR
ab(ω) ∧
(
a2 T c(ω, e) ∧ ed − ac T c(ω, e) ∧ hd
+ ac T c(ω, h) ∧ ed − c2 T c(ω, h) ∧ hd
)
± i4η
3
∫
M5
ǫabcd
(
aT a(ω, e) + c T a(ω, h)
)
∧
(
a3 eb ∧ ec ∧ ed − c3 hb ∧ hc ∧ hd
)
.
(B.4)
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